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Abstrat
In this letter we ompute the leading hiral orretions to the ratio between
the tensor and the vetor deay ouplings for the lowest lying vetor meson
multiplet (ρ, K∗, φ). We show that the leading hiral logarithms arise from
tadpole ontributions and are therefore entirely xed by hiral symmetry, while
the next to leading orretions are purely analyti. Interestingly, the avour
struture of the hiral logarithms implies that only the ρ meson is sensitive to
pion logarithms. By examining SU(2)L × SU(2)R × U(1)S theories we show
that this result an be easily understood and that it holds to all orders in the
ms expansion. Reent lattie data seem to omply with our results.
1. Introdution
The oupling of the light vetor mesons to the tensor urrent f⊥V has driven
a lot of attention in the last years, the reason being the ruial role that this
oupling plays in the determination of the |Vub| CKM parameter from exlusive
semileptoni and radiative deays of the B-meson within light-one QCD sum
rules (LCSR) [1℄.
However, while the vetor form fator an be extrated from experiments on
e+ e− annihilation or hadroni τ deays, the tensor form fator an only be ob-
tained theoretially. Sine form fators are purely non-perturbative quantities,
lattie gauge theory and eetive eld theories are in this ase the appropriate
tools.
On the eetive eld theory side, it is worth mentioning some attempts to
estimate the value of f⊥ρ in the hiral limit. Within the ontext of Resonane
Chiral Theory, in the strit large-NC limit and under the minimal hadroni
Email addresses: oatalnf.infn.it (Osar Catà), mateumppmu.mpg.de (Vient
Mateu)
Preprint submitted to Elsevier September 10, 2018
ansatz approximation, Refs. [11℄ and [12℄ estimated at O(α0s) and O(αs), re-
spetively, the value of f⊥ρ . Their result is ompatible with the independent
determination of Ref. [13℄, in whih LCSR were used. In Ref. [14℄ we derived
a theorem valid at leading order in 1/NC and αs in whih, for highly exited
vetor mesons, the ratio f⊥V /fV tends to 1/
√
2 in absolute value. This value is
surprisingly lose to the lattie result for the ρ meson [2℄, and seems to hint at
some sort of universality for the ratio f⊥V /fV .
On the lattie side, it was already pointed out in Ref. [2℄ that the light-one
sum rules in B → ρ ℓ ν are partiularly sensitive to f⊥ρ and therefore an eort
from the lattie ommunity to redue its unertainty was well motivated. Sine
then, many lattie ollaborations have devoted studies to f⊥V using dierent
tehniques and approximations (see Refs. [2, 3, 4, 5, 6, 7, 8, 9℄), with overall
agreement.
One of the main soures of unertainty in the previous lattie simulations
is the extrapolation from the quark masses used in the simulations to the a-
tual physial ones. The appropriate theoretial framework to perform suh
extrapolations is Chiral Perturbation Theory (χPT). Formulas for the deay
ouplings of pseudo-Goldstone bosons (using χPT) and B mesons (ombining
χPT and HQET) exist. For light vetor mesons the situation is slightly more
ompliated : vetor masses are not proteted by hiral symmetry and their ou-
plings to pseudo-Goldstone bosons spoil the power-ounting of the theory. The
power-ounting an however be preserved if a heavy meson mass expansion is
performed. This last approah, normally referred to as Heavy Meson Eetive
Theory (HMET) was introdued in Ref. [10℄ to study the hiral orretions to
the vetor meson mass spetrum. The formalism was later extended to inlude
external vetor soures and used to evaluate the hiral orretions to fV . In this
letter we will generalize the theory to aount for external tensor ouplings in
order to ompute the hiral orretions to f⊥V .
In partiular, we will ompute the leading hiral logarithms diretly to the
ratio f⊥V /fV . This will prove to be extremely onvenient for several reasons :
(i) all ontributions to the wave funtion renormalization and mass orretions
an be ignored, sine they identially anel in the ratio; (ii) we an make diret
omparison with the lattie results, sine this is preisely the quantity deter-
mined by the lattie groups; (iii) in lattie simulations, systemati unertainties
anel in the ratio. In our eetive theory approah, this translates into a re-
dution of the unknown low energy ouplings that enter the alulation, thus
enhaning the preditive power of our results.
This letter is organized as follows : in Setion 2 we disuss the introdution
of external tensor soures in HMET and write down the Lagrangian relevant for
the omputation of the hiral orretions f⊥V /fV at leading order. In Setion 3
we present our results for two- and three-avour HMET, while in Setion 4 we
disuss the ase of SU(2)L×SU(2)R×U(1)S HMET, relevant when the strange
quark is onsidered as heavy, by building eetive eld theories for the K∗ and
the φ. We nally present our onlusions in Setion 5.
2
2. Theoretial framework
In order to ompute the hiral orretions to vetor meson deay ouplings
we need an eetive eld theory desribing the interations of vetor mesons
with low-momentum (i.e., p << Λχ ∼ 1 GeV) Goldstone bosons. A generi
problem with suh theories is that vetor masses do not vanish in the hiral
limit and therefore derivatives on the vetor elds are not soft and spoil the
hiral power-ounting.
Sine mV ∼ Λχ, a possible solution is to split the vetor momentum into
a hard part and a residual one, pµ = mvµ + kµ, and perform a heavy mass
expansion. Suh an approah was introdued in Ref. [10℄ under the name of
HMET. The theory has been used in the past to ompute orretions to the
vetor meson masses [10, 15℄ and vetor deay ouplings [16℄. Here we will
extend the formalism to inlude the ouplings to tensor soures.
Vetor elds in HMET are onstruted from the fully relativiti ones by
fatoring out the hard momentum shells
Sµ =
1√
2m
[
e− imv·x Sˆ(v)µ + e
imv·x Sˆ(v) †µ
]
+ Sˆ(v) ||µ , (1)
suh that the eetive elds Sˆ
(v)
µ , whih satisfy v · Sˆ(v)µ = 0, only depend on
the residual momentum k. In the previous equation, m stands for the mass of
the vetor mesons in the hiral limit. Sine k << mv ∼ Λχ, the hiral power-
ounting is learly preserved. It is worth noting that the eld Sˆ
(v)
µ only ontains
the annihilation mode, and orrespondingly Sˆ
(v) †
µ only the reation mode.
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In
the following we will drop the veloity label and refer to the vetor elds simply
as Sˆµ and Sˆ
†
µ.
In the framework of SU(3)L × SU(3)R χPT the vetor elds Sˆµ transform
as Sˆµ → h Sˆµ h†, suh that under transformatios of the unbroken SU(3)V group
they behave as the adjoint representation. In our analysis we will assume ideal
mixing, suh that the φ is a pure s¯s state, while the ρ0 and the ω are orthogonal
ombinations of u and d quarks. Under this assumption the otet and singlet
vetor elds an be joined as a nonet
Sˆµ =


ω+ρ0√
2
ρ+ K∗+
ρ− ω−ρ
0
√
2
K∗0
K∗− K¯∗0 φ


µ
. (2)
As usual, Goldstone modes will be olleted in a speial unitary matrix u trans-
1Sˆ
||
µ an be shown to be a hard mode and therefore an be integrated out in the eetive
ation.
3
forming as u→ VL u h† = hu V †R,
u = exp
(
i
Π√
2 f
)
; Π =


π0√
2
+
η√
6
π+ K+
π− − π
0
√
2
+
η√
6
K0
K− K¯0 − 2 η√
6


. (3)
HMET an be extended to aount for the interations with arbitrary external
soures. The theory was initially purported to desribe interations of vetor
mesons with soft pions and photons [10℄. However, to desribe a form fator we
need an external soure arrying enough momenta to reate a heavy resonane.
In Ref. [16℄ the theory was adapted to aount for hard photons. The method
an be easily extended to generi spin-one soures (i.e. vetor, axial-vetor, and
tensor).
Let s be a generi spin-one external soure, and let us deompose it, by
analogy to Eq. (1), into hard and soft omponents
s = e− imv·x sˆ+ eim v·x sˆ† + s˜ , (4)
where sˆ reates a vetor meson, sˆ† annihilates it, and s˜ is a soft interation. One
then has the onventional (soft) hiral transformations, but also hard transfor-
mations, with support over hard momentum shells. Chiral Ward identities are
satised if under a hiral transformation ℓ˜, r˜ transform loally and ℓˆ, rˆ globally,
whereas under a hard transformation, ℓ˜, r˜ stay invariant and ℓˆ, rˆ transform
loally (see Ref. [16℄ for details).
For tensor soures, a deomposition like Eq. (4) also follows, but hiral in-
variane requires the presene of two elds tµνLR and t
µν
RL, transforming as
{ tˆµνLR , tˆµνRL } 7−→ {VL tˆµνLR V †R , VR tˆµνRL V †L } , (5)
whih are hiral projetions of the tensor soure
tµν = Pµνλρ+ tˆLRλρ + P
µνλρ
− tˆLRλρ , (6)
where
2
Pµνλρ± =
1
4
(gµλ gνρ − gµρ gνλ ± i ǫµνλρ) . (7)
Sine there are no Ward identities assoiated to the tensor urrent, under a
hard transformation t˜µν stays invariant and tˆµν transforms globally, while they
both transform globally under a hiral transformation.
2
Tensor soures were introdued in χPT in Ref. [17℄, and we refer the reader there for all
the details onerning how to deompose the tensor soure in irreduible hiral operators.
4
P C T h..
Sˆµ Sˆµ − SˆµT Sˆµ Sˆµ †
uµ − uµ uµT uµ uµ
χ± ±χ± χT± χ± ±χ±
Qˆµ± ± Qˆ±µ ∓ Qˆµ± Qˆ±µ Qˆµ+±
Tˆ µν± ± Tˆ±µν − Tˆ µν± − Tˆ µν± ± Tˆ µν+±
∇µ ∇µ ∇µ −∇µ ∇µ
vµ vµ v
µ vµ v
µ
Table 1: Transformation properties of the HMET building bloks under disrete symmetries.
In order to build the Lagrangian, it is onvenient to work in the following
basis :
uµ = i u
†DµUu† = i [u†(∂µ − i rµ)u− u(∂µ − i ℓµ)u†] , (8)
χ± = u†χu† ± uχ†u ,
together with the following external soures for vetor and tensor soures :
Qˆµ± = u rˆ
µu† ± u†ℓˆµu , Qˆµ+± = u rˆµ †u† ± u†ℓˆµ †u ,
Tˆ µν± = u
†tˆµνLR u
† ± u tˆµνRL u , Tˆ µν+± = u†tˆµν +LR u† ± u tˆµν+RL u , (9)
suh that all elements transform under the hiral group as X → hX h†. For our
purposes, χ will only play the role of a mass insertion operator, and therefore
χ+ = 2χ = 4B0 diag(mu,md,ms).
Sine we have expliitly split vetor elds and external soures into positive
and negative frequeny modes, in HMET the CPT theorem is not automatially
satised, and we will require our eetive Lagrangian to be separately invariant
under C, P and T. In partiular T invariane will be essential to ensure reality
of the low energy parameters of the theory [16℄. In Table 1 we display the
transformation properties of all our building bloks under disrete symmetries.
As usual, we promote the derivatives to ovariant derivatives ∇ suh that ∇µX
transforms in the same way as X (the denitions an be found, e.g. in Ref [14℄ ).
Before we write down the Lagrangian it is worth ommenting on the hiral
power-ounting of the theory. The fat that HMET provides a onsistent power-
ounting means that there is a well-dened relation between eah diagram and
its saling with soft momentum and masses. This turns out to be a very eient
tool to list down all the diagrams ontributing to a given order in the hiral
expansion. The expliit formula an be ast as
D = 2 + 2NL + NR +
∑
n
Nn(n− 2) , (10)
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where D is the hiral order pD of the diagram, NL is the number of loops, NR
is the number of resonane internal lines and Nn is the number of verties om-
ing from the Ln Lagrangian. Eq. (10) is the analog in HMET of the familiar
Weinberg's power-ounting formula in χPT. Indeed, setting NR = 0 one reov-
ers Weinberg's formula, exept for the fat that in general in HMET we have
operators with odd hiral ounting.
In full generality, the ontributions to the deay ouplings fV and f
⊥
V at
the quantum level an be lassied in : (i) mass orretions; (ii) wave-funtion
renormalization and (iii) vertex renormalization. The rst two ontributions
are multipliative and identially anel in the ratios f⊥V /fV to all orders in
the hiral expansion. Their expliit expressions an be found in Refs. [10, 15℄.
Vertex renormalization, on the ontrary, will aount for the fat that the vetor
and tensor soures, ℓˆµ rˆµ, and tˆµνLR, tˆ
µν
RL transform dierently under the hiral
group.
For the sake of simpliity, we will assign no hiral ounting to the hard
external soures and the vetor elds. Then the leading Lagrangian relevant for
our omputation reads
L0 = − i 〈Sˆ†µ(v · ∇)Sˆµ〉+ λ1〈SˆµQˆµ †+ 〉+ i λ2〈Sˆµ Tˆ †+µν〉vν
+ λ3〈Sˆµ〉 〈Qˆµ †+ 〉+ i λ4 〈Sˆµ〉 〈Tˆ †+µν〉 vν + h.c. , (11)
Ideal mixing, whih we assumed when dening our vetor elds, turns out to be
a good phenomenologial approximation, but it also allows us to endow the the-
ory with a large-Nc power-ounting. For our purposes, this will only entail that
operators with multiple traes in the Lagrangian, whih are Zweig-suppressed,
will be also 1/Nc-suppressed. In partiular, suh 1/Nc eets in Eq. (11) orre-
spond to the singlet omponent of the external soures
3
and therefore will only
aet the deay ouplings of the ω and φ.
The next to leading order operators are
L1 = ǫµνρλ
[
i g1 〈uµ{Sˆρ, Sˆ†λ} 〉 vν + i g2 〈uλ{Sˆµ, Qˆ†+ ρ}〉 vν
+ g3 〈uµ{Sˆρ, Tˆ †+νλ}〉+ i g4 {〈uµ Sˆρ〉〈Sˆ†λ〉+ 〈uµ Sˆ†λ〉〈Sˆρ〉} vν
+ i g5 〈uλ Sˆµ〉 〈Qˆ†+ ρ〉 vν + i g6 〈uλ Qˆ†+ ρ〉 〈Sˆµ〉 vν
+ g7 〈uµ Sˆρ〉 〈Tˆ †+νλ〉+ g8 〈uµ Tˆ †+νλ〉 〈Sˆρ〉
]
+ h.c. , (12)
3
We take nonets of urrents : 〈Qˆµ±〉 6= 0 6= 〈Tˆ
µν
± 〉.
6
and
L2 = µ1 〈{Sˆµ, χ+} Qˆ†+µ〉+ i µ2 〈{Sˆµ, χ+} Tˆ †+µν〉 vν
+µ3 〈Sˆµ χ+〉 〈Qˆ†+µ〉+ i µ4 〈Sˆµ χ+〉 〈Tˆ †+µν〉 vν
+µ5 〈Sˆµ〉 〈χ+ Qˆ†+µ〉+ i µ6 〈Sˆµ〉 〈χ+ Tˆ †+µν〉 vν
+µ7 〈χ+〉 〈Sˆµ Qˆ†+µ〉+ i µ8 〈χ+〉 〈Sˆµ Tˆ †+µν〉 vν
+µ9 〈Sˆµ〉 〈χ+〉 〈Qˆ†+µ〉+ i µ10 〈Sˆµ〉 〈χ+〉 〈Tˆ †+µν〉 vν + h.c. , (13)
The quantities we want to ompute are dened as
〈 0 | u¯ γµ d(0) | ρ+(p, λ) 〉 = fρmρ ǫ(λ)µ ,
〈 0 | u¯ σµν d(0) | ρ+(p, λ) 〉 = i f⊥ρ mρ (ǫ(λ)µ vν − ǫ(λ)ν vµ) , (14)
where we should note that the ouplings are dened to be related to isospin
urrents. Therefore, it follows that
〈 0 | u¯ γµ s(0) |K∗+(p, λ) 〉 = fKmK ǫ(λ)µ ,
〈 0 | s¯ γµ s(0) |φ(p, λ) 〉 = fφmφ ǫ(λ)µ ,
1√
2
〈 0 | [u¯ γµ u(0) + d¯ γµ d(0)] |ω(p, λ) 〉 = fωmω ǫ(λ)µ . (15)
The denitions for the remaining members of the nonet an be easily inferred
from Eqs. (14) and (15) above.
In terms of the eetive eld theory, formally we need to ompute the fol-
lowing mathing equation :
〈 0 | i δSQCD
δJρ
| ρ+(p, λ) 〉 = 〈 0 | i δSeff
δJρ
| ρ+(p, λ) 〉 ≡ fρmρǫµ , (16)
(and a similar one for f⊥ρ ) for eah deay oupling, where Jρ is the external
vetor urrent with the avour ontent to exite a ρ eld.
In the following we will work in the isospin limit, setting mu = md = m.
Aordingly, we will pik the states in the previous equations as representatives
for eah isospin multiplet. In this limit, together with the assumption of ideal
mixing, mixing between neutral states an be ignored altogether.
Moreover, the Goldstone boson mass matrix χ+, using the Gell-Mann
Okubo formula, an be ast as
χ+ = 2


m2pi 0 0
0 m2pi 0
0 0 2m2K −m2pi

 . (17)
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Si Si
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Figure 1: Diagrams ontributing to the ratio f⊥V /fV up to m
3/2
q in HMET. From left to
right, LO [(a)℄, NLO [(b) and ()℄ and NNLO [(d)℄ ontributions. Cirle-ross verties depit
operators of O(1), while box verties and dotted verties represent O(p) and O(p2) operators,
respetively.
3. Results
Using Eq. (10) the relevant diagrams are displayed in Fig. 1, where we have
only inluded the non-vanishing ontributions to f⊥V /fV , i.e., the vertex renor-
malization ontributions. The tadpole in Fig. 1(b) is the leading hiral orre-
tion, at O(p2), and it is determined entirely by the leading order operators of
Eq. (11). The resulting non-analyti mass dependene is entirely xed by hiral
symmetry, and amounts to a renormalization of the parameters of Eq. (11).
Fig. 1() omes from operators in Eq. (13) and is requested to absorb the di-
vergenes of Fig. 1(b) and render the nal result nite. The sunset diagram
of Fig. 1(d), on the other hand, is the O(p3) ontribution oming from the
operators in Eq. (12), and it an be shown to be nite [10, 16℄.
Higher order operators will generate tadpole and sunset diagrams that will
ontribute at higher orders in the hiral expansion. However, it an be easily
shown that there is no O(p3) tadpole. Therefore, the O(p3) orretions to
eah separate deay oupling will depend on a sizeable number of low energy
parameters, but will yield an analyti ontribution.
In the following we will present the results at O(p2), whih ontain the non-
analyti terms oming from Fig. 1(b) together with the orresponding ountert-
erms in Fig. 1(), for the ase of two and three dynamial avours.
For SU(2), a number of simpliations take plae. On the one hand, some
of the parameters in the Lagrangian are linearly related. Using the Cayley-
Hamilton relations, one an show that the following sets of parameters : {g1, g4},
{g3, g7, g8}, {g2, g5, g6}, {µ1, µ3, µ5, µ7, µ9} and {µ2, µ4, µ6, µ8, µ10} are related
and therefore one oupling in eah subset an be eliminated. Moreover, in the
isospin limit χ+ = 2m
2
pi 1 2, whih means that only one representative of the
subsets {µ3, µ5, µ9} and {µ4, µ6, µ10} is independent.
Taking all these onsiderations into aount, the results for the SU(2) anal-
8
ysis are the following :
f⊥ρ
fρ
=
f⊥V
fV
[
1 + 2m2pi λ(µ) +
m2pi
32 π2 f2
log
(
m2pi
µ2
)]
≡ f
⊥
V
fV
[
1 +
m2pi
32 π2 f2
log
(
m2pi
mˆ2ρ
)]
,
f⊥ω
fω
=
f⊥V
fV
[
1 + 2 γC + 2m
2
pi [λ¯(µ) + λ(µ)]−
3m2pi
32 π2 f2
log
(
m2pi
µ2
)]
≡ f
⊥
V
fV
[
1 + 2 γC − 3m
2
pi
32 π2 f2
log
(
m2pi
mˆ2ω
)]
, (18)
where f⊥V /fV = λ2/4λ1 and λ, λ¯ (and orrespondingly mˆρ, mˆω) are ombina-
tions of ouplings from L2. γC is a Zweig-suppressed term oming from the
seond line of L0 and is expeted to be extremely small.
For the SU(3) ase the results are
f⊥ρ
fρ
=
F⊥V
FV
[
1 + (2Λ + Λ¯)m2pi + 2 Λ¯m
2
K +
m2pi
32 π2 f2
log
(
m2pi
µ2
)
− m
2
η
96 π2 f2
log
(
m2η
µ2
)]
,
f⊥K
fK
=
F⊥V
FV
[
1 + Λ¯m2pi + 2 (Λ + Λ¯)m
2
K +
m2η
48 π2 f2
log
(
m2η
µ2
)]
,
f⊥ω
fω
=
F⊥V
FV
[
1 + 2ΓC + (2Λ + Λ¯ + 2Λ1)m
2
pi + 2 Λ¯m
2
K
− 3m
2
pi
32 π2 f2
log
(
m2pi
µ2
)
− m
2
η
96 π2 f2
log
(
m2η
µ2
)]
f⊥φ
fφ
=
F⊥V
FV
[
1 + ΓC + (Λ¯− 2Λ− Λ1)m2pi + 2 (2Λ + Λ¯ + Λ1)m2K
− m
2
η
24 π2 f2
log
(
m2η
µ2
)]
. (19)
where Λ, Λ¯, and Λ1 are ounterterms involving parameters from L2 whih, just
like in Eq. (18), have a sale-dependene that absorbs the logarithmi diver-
gene oming from the tadpole and renders the result nite. Again, just like in
Eq. (18), we used the 1/NC expansion above for the φ and ω, and have disarded
terms of order O(mqN−2C ).
It is easy to hek that the SU(3) results redue to the SU(2) ase when
the strange mass is non-dynamial. Moreover, at the order we are working, one
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nds the following relation between the SU(2) and SU(3) ouplings :
f⊥V
fV
=
F⊥V
FV
[
1 + 2B0ms Λ¯− B0ms
72 π2 f2
log
(
4B0ms
3µ2
)]
,
λ = Λ+ Λ¯− 1
576 π2 f2
[
1 + log
(
4B0ms
3µ2
)]
,
λ¯ = Λ1 , γC = ΓC . (20)
The avour struture of the non-analyti terms in Eq. (19) an be under-
stood by looking at the struture of the tadpole vertex, whih involves the
operators 〈Sˆµ Qˆµ †+ 〉 and 〈Sˆµ Tˆ †+µν〉 vν with two Goldstone elds pulled out from
Qˆµ †+ and Tˆ
†
+µν . The only surviving ontribution to f
⊥
V /fV is of the generi form
Tr[Sˆ ΠOΠ], where O stands for either vetor or tensor soures. It is easy to
hek that the ontributions oming from suh operator follow a blok-diagonal
struture : the upper (2×2) ρ−ω setor in the vetor matrix Sˆ will only reeive
ontributions from the (2 × 2) π − η setor in the Goldstone matrix Π; φ only
ouples to η, beause it is the only eld in the Π33 entry; while the K
∗
has
a non-vanishing ontribution only beause the η eld is present all along the
diagonal in Π. In a similar fashion, one an show that the absene of kaon loops
in any avour hannel is linked to the assumption of ideal mixing. Therefore,
suh an absene of kaon logarithms is not related to hiral symmetry and an
be onsidered, to a ertain extent, aidental.
It is worth mentioning that only f⊥ρ /fρ and f
⊥
ω /fω depend on pion log-
arithms [ although eah deay oupling in Eq. (19) separately does ℄. This is
espeially interesting for the lattie : in many simulations only mu and md are
dynamial while ms is held xed. If the struture of Eq. (19) would hold even
when one does not assume that the strange quark mass is small, this would
entail that hiral logarithms only aet the ρ(770), while the K∗ and φ should
sale linearly with light quark masses.
Eq. (19), however, only shows the leading term in the strange quark mass
expansion. Therefore, it is by onstrution insensitive to higher order powers
of the strange quark mass that ould potentially be assoiated with pion log-
arithms. In other words, with SU(3)L × SU(3)R HMET we annot rule out
ontributions that sale like mnK,ηm
2
pi logm
2
pi. In order to do so we have to on-
sider SU(2)L × SU(2)R × U(1)S HMET.
4. A digression on SU(2)L × SU(2)R × U(1)S HMET
In this setion we will desribe a family of eetive eld theories to study
the interations of the vetor mesons with light up and down quarks when the
strange quark is treated as heavy. Therefore, one has to study the interations
of the ρ, K∗ and φ with SU(2)L ×SU(2)R Goldstone bosons in the presene of
external soures.
The rst thing to notie is that vetor mesons with dierent number of
strange quarks deouple, i.e., there are no strangeness-hanging interations
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that an be mediated by the Goldstone bosons. Therefore, one an study sep-
arate eetive theories for SU(2) hiral triplets (ρ), doublets (K∗) and singlets
(φ). In the following we will obviate the strangeness quantum number, sine
the only relevant dynamial group is the hiral symmetry group.
The eetive theory for the ρ meson is a hiral SU(2)L × SU(2)R theory,
with soures
Lext = LQCD + q¯Rγµ rµqR + q¯Lγµ ℓµqL + q¯σµνtµνq , q¯ = (u¯, d¯) , (21)
in the adjoint representation and with ρµ → h ρµ h†, i.e., onventional SU(2)L×
SU(2)R HMET, with the building bloks of Eq. (9) and the results given in
Eq. (18).
For the K∗ one has to onsider the following external soures
Lext = LQCD + s¯γµ rµqR + s¯γµ ℓµqL + s¯σµνtµνq + h.c. , (22)
whih transform in the fundamental representation of SU(2)L × SU(2)R : 4
rµ → rµV †R + i ∂µV †R ,
ℓµ → ℓµV †L + i ∂µV †L ,
tµνR → tµνR V †R ,
tµνL → tµνL V †L . (23)
Aordingly, the building bloks are
Qˆµ± = rˆ
µu† ± ℓˆµu , Qˆµ+± = u rˆµ † ± u†ℓˆµ † , (24)
Tˆ µν± = tˆ
µν
R u
† ± tˆµνL u , Tˆ µν+± = u tˆµν+R ± u† tˆµν +L ,
whih transform as (Qˆµ±, Tˆ
µν
± ) → (Qˆµ±, Tˆ µν± )h†. Correspondingly, the K∗ elds
an be grouped in doublets
K∗µ =

 K+0
K∗0


µ
, K¯∗µ = (K¯
−0, K¯∗0)µ , (25)
transforming as K∗µ → hK∗µ.
For the φ eld the external soures needed are
Lext = LQCD + s¯γµvµs s+ s¯γµ γ5 aµs s+ s¯σµν tµνs s , (26)
whih learly are singlets under the hiral group.
One ould now build the Lagrangian for the K∗ and φ elds, in a similar
fashion as what we already did in Setion 2 for the SU(3)L × SU(3)R HMET.
4
For the sake of simpliity, we have used the same notation for the external soures as in
Setion 2. However, it should be lear that they refer to dierent entities, as their transfor-
mations under the hiral group manifestly show.
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However, for our disussion the important point to notie is that, ontrary to
the ρ meson ase, for the K∗ and φ the tensor and vetor soures transform in
the same way under the hiral group [ as in Eq. (24) for the K∗ and trivially
for φ ℄. Therefore, hiral symmetry prevents the appearane of pion logarithms
in the K∗ and φ hannels : the ontribution from pion loops, whih is present
in eah deay oupling, will anel one the ratio is taken. We emphasize that
this result holds to all orders in the strange mass expansion, and in partiular
explains the absene of pion loops in the K∗ and φ hannels in Eq. (19).
5. Disussion and onlusions
In this paper we have omputed the hiral orretions to the ratio f⊥V /fV
for the lightest vetor meson multiplet. We have performed our analysis using
HMET, suh that the 1/mV expansion of the theory indues a well-dened
hiral power ounting. In order to ompute f⊥V /fV , we have introdued external
tensor soures into the theory, along the lines desribed in Ref. [17℄, and built
the relevant terms of the Lagrangian whih give rise to a non-trivial ontribution
to the ratio.
We nd that the leading order orretion is entirely determined by tadpole
diagrams, and therefore is ompletely determined by hiral symmetry. The next
to leading terms are O(m3pi) and an be shown to be purely analyti. Eqs. (18)
and (19) are our nal expressions to be tted to lattie data.
Taking the ratio of the deay ouplings greatly simplies the result : on-
tributions from mass orretions and wave-funtion renormalization identially
anel. Moreover, kaon logarithms also anel and pion logarithms only survive
in the ρ (and ω) hannels.
This last point is espeially interesting for lattie simulations, sine there one
typially onsiders dynamial up and down quarks whereas the strange quark
is treated as heavy. However, the results of Eq. (19) are only valid at leading
order in a (light) strange quark mass expansion, i.e., in SU(3)L × SU(3)R
HMET, whereas a heavy strange quark requires a dierent framework, namely
SU(2)L×SU(2)R×U(1)S HMET. In Setion 4 we examined these set of eetive
eld theories and onluded that there is absene of pion logarithms to all
orders in the strange quark mass . The key observation is that, ontrary to
SU(3)L× SU(3)R HMET, the tensor and vetor soures transform in the same
way, and therefore their interations with pions anel identially in the ratio.
Therefore, SU(2)L × SU(2)R × U(1)S HMET predits that only the ρ should
display the bending of the hiral logarithm, while the K∗ and φ should sale
mainly like m2pi, with subleading orretions of O(m3pi) (and not m4pi as it is
ustomarily assumed in lattie analyses). In other words, that the results for
f⊥V /fV when the strange quark mass is heavy an be inferred from Eq. (19) by
naively freezing ms. This is one of the main results of our paper.
To the best of our knowledge, the only unquenhed lattie results available
at present are the ones of Ref. [8, 9℄. We will onentrate here on the values
reported in Ref. [8℄. There one an nd the values for the ratio of tensor over
vetor deay ouplings at four dierent values of the light quark masses. Their
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results are shown in Fig. 2. In priniple one ould now t those data points with
Eqs. (18) and (19). However, there are two main objetions to performing suh
a t : rst, the data in Ref. [8℄ is not in the ontinuum limit, and atually at a
rather big lattie spaing, a−1 = 1.729(28) GeV, so the use of χPT is, stritly
speaking, not justied; seond, data is so sare for eah hannel and so far
away from the hiral limit that the statistial signiane of the t would be
extremely poor.
Table 2: Results for f⊥V /fV from the various ts (data taken from Ref. [8℄). Note that in
ontrast to Ref. [8℄, we have named the ts aording to their saling with the pion mass.
Quadratic Quartic Cubic Logarithmic
f⊥ρ /fρ 0.619(15) 0.600(39) 0.595(47) 0.585(65)
χ2/dof 0.17 0.09 0.07 0.06
f⊥K/fK 0.6496(63) 0.644(18) 0.642(22) 0.638(32)
χ2/dof 0.11 0.09 0.08 0.07
f⊥φ /fφ 0.6837(33) 0.6814(96) 0.681(12) 0.680(17)
χ2/dof 0.10 0.12 0.13 0.15
Until more data is available, one interesting exerise one an perform is
to make a blind analysis of the lattie data in order to test its saling with
the pion mass. In partiular, we want to test if lattie data omply with our
results in Eq. (19), favouring the absene of hiral logarithms in the K∗ and
φ hannels. We have performed two dierent ts on the lattie data, one with
a quadrati and ubi dependene on the pion mass (the ubi t), and one
with a quadrati and hiral logarithmi dependene (the logarithmi t), and
ompared them with the quadrati and quarti ts of Ref. [8℄.
5
The results
for the various ts are olleted in Table 2, where for omparison we have also
inluded the value of the hirally-extrapolated ratios f⊥V /fV . Two omments
are in order at this point : (i) in performing this exerise we are impliitly
assuming that the qualitative behaviour of f⊥V /fV as a funtion of the quark
masses is rather insensitive to the lattie spaing, suh that Eq. (19) an be
used. This assumption is however not so implausible: similar exerises in the
light pseudosalar setor seem to indiate that, even away from the ontinuum
limit, hiral logarithms are orretly reprodued; (ii) we should emphasize that
the hirally-extrapolated values for the ratios listed in Table 2 should not be
taken as atual values for f⊥V /fV . Rather, they should be onsidered only as an
indiation of how the dierent ts would aet the preditions for f⊥V /fV : as
5
Note that in Ref. [8℄ ts are named aording to its saling with the light quark masses,
whereas in this work the terminology for the ts refers to its pion mass saling.
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already noted above, the results reported in Ref. [8℄ are not in the ontinuum
limit.
Based on the χ2/dof for the dierent ts, the results of our analysis show
that φ data seem to prefer the quadrati behaviour over the logarithmi one. In
ontrast, for the ρ data the best t is the logarithmi one, although only in a
marginal way. Data seems to desribe the harateristi bending of a logarithmi
behaviour, but the statistial errors are still too big to be onlusive. Therefore,
in the absene of better statistis no rm onlusions an be drawn at this
point. The situation for the K∗ meson is less lear, but preliminary data from
ETMC at three dierent lattie spaings seem to strongly prefer the quadrati
t over the logarithmi one.
6
Therefore, lattie data, at least at a qualitative
level, seems to agree remarkably well with the preditions oming from hiral
symmetry.
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Figure 2: Chiral extrapolations for the quadrati (blue dotted line), quarti (dashed line) and
logarithmi (solid red line) ts with its orresponding error bars. Data taken from Ref. [8℄.
In order to make the omparison with the results of Ref. [8℄ easier, the plots show the quark
mass (instead of the pion mass) dependene of f⊥V /fV .
16
